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Abstract
In this paper, the Maxwell extension of the special-affine algebra is obtained and corresponding
non-linear realization is constructed. We give also the differential realization of the generators
of the extended symmetry. Moreover, we present the gauge theory of the Maxwell special-affine
algebra and the topological gravity action in four dimensions. As a conclusion, we show that the
Bianchi identities can be found by using the solution of the equations of motion.
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I. INTRODUCTION
There has been a great deal of interest in the gauge theoretical description of gravitation,
which was originally proposed by Utiyama, Kibble and Sciama [1–3]. For instance, the
Poincare´ gauge theory of gravity is a gauge theory based on Poincare´ group that generalizes
the Riemann geometry to include torsion in addition to curvature [2]. Likewise, various
extended gravity theories are obtained by using gauge theories of different Lie groups [4–6].
The affine group A(4, R) is the semi-direct product of the general linear group GL(4, R)
and the translations, so it can be seen as an extension of the Poincare´ group where the
Lorentz group is replaced by GL(4, R). In comparison with Lorentz group, the GL(4, R)
contains both volume changing dilation and volume preserving shear transformations. In
1974 Yang [7] put forwarded a gauge theory of gravity based on the affine group to construct a
theory of (quantum) gravity in the high energy limit without any reference to supersymmetry
or extra dimensions [8]. Another study, named as the metric-affine gauge theory of gravity
(MAG), generalized the Poincare´ gauge theory of gravity with non-vanishing nonmetricity
tensor[9, 10]. Later on, the papers [11–15] suggested that the renormalizability and unitarity
problems in quantum gravity can be solved by taking the affine group as the dynamical group
in a gauge theory of gravity by the help of general linear connection Γαµν [10].
There is an interesting study which is based on GL(4, R) gauge theory of gravity, proposes
a unified theory between the electromagnetic and gravitation fields in the concept of purely
affine formulation of the Einstein-Maxwell theory [16]. The purely affine formulation of
gravity describes gravitational Lagrangian density in terms of a torsionless affine connection
and the symmetric part of the Ricci tensor of the connection (a short review can be found
in [17]). Likewise, Pop lawski suggests a combination between the electromagnetic field and
cosmological constant in the purely affine formulation[18].
The special linear group SL(n,R) is a subgroup of GL(n,R) and contains Lorentz and
shear transformations. In particle physics, it is used for group theoretical classification of
hadrons [19] and plays an important role to describe the observed sequences of angular mo-
mentum excitation of hadrons [20]. Moreover the observed structures of Regge trajectories
can be explained by the group SL(3, R) of deformations of hadronic matter [21, 22]. The
fundamental importance of SL(3, R) transformations for hadronic matter is reviewed in [23].
After these preliminaries and taking account of the developing of gauge theory, we can
easily say the extension of the affine group can provide us new symmetries, in other words,
new interactions. In the light of this idea, we consider the Maxwell extension of the special-
affine group SA (4, R). The Maxwell symmetry is based on a noncentral extension of the
Poincare´ group which contains six new additional tensorial abelian generators Zab = −Zba
and for which the momentum operators satisfy the relation [Pa, Pb] = iZab [24–26]. Moreover,
the Maxwell symmetries extend the Minkowski space with new background field. If we take
this background field as an electromagnetic (e.m.) field [24, 25], the motion of relativistic
particle in a constant e.m. field can be described by the Maxwell symmetries. After Soroka’s
paper [26], the Maxwell symmetry become popular, and is now studied in several different
fields of physics [26–40], especially in the field of gauge theories of gravity and the explanation
of cosmological constant problem [32, 35, 36, 39]. In our previous study [40] we extend the
Maxwell group M (4, R) to the Maxwell-affine group MA (4, R) and discussed its gauge
theory of gravity.
The present paper is organized as follows. In Section 2, we summarize our previous
work [40]. In Section 3, we construct the Maxwell-special-affine group MSA (4, R), we
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also present the non-linear realization of MSA (4, R) to get the transformation rules of
the generalized coordinates and the differential realization of generators. In Section 4, we
find gauge transformation rules of the gauge connections and curvatures. We also give the
Bianchi identities. In Section 5, we propose a gravity action by using topological terms. In
addition, the equations of motion of related action are found. Section 6 concludes the letter.
II. MAXWELL-AFFINE ALGEBRA AND THE GRAVITY ACTION
The affine group A (4, R) is defined as the group of all linear transformations in 4D space.
The affine group is a semi direct product of GL (4, R) and translation group T (4) [41],
xa = Λabx
b + ca, (1)
where Λab and c
a represents linear transformations and translation respectively. In this
chapter, we will summarize our previous work [40] which contains an extension of the affine
group named as the Maxwell-Affine group MA (4, R) and its gravity action. The non-zero
commutation relationships ofMA (4, R) in four dimensions are given,
[Lab, L
c
d] = i (δ
c
bL
a
d − δ
a
dL
c
b) ,
[Lab, Pc] = −iδ
a
cPb,
[Pa, Pb] = iZab,
[Lab, Zcd] = i (δ
a
dZbc − δ
a
cZbd) , (2)
where the small Latin indices a, b, ... = 0, ..., 3 and the generators Pa, L
a
b and Zab corresponds
to translation symmetry, the transformations of GL (4, R) and the Maxwell symmetry which
contains six additional tensorial charges that behave as a tensor under Lorentz transforma-
tions.
The Maurer-Cartan (MC) 1-forms which is defined as Ω = −ig−1dg, here g is the general
element of theMA (4, R) and the structure equation is given as,
dΩ +
i
2
[Ω,Ω] = 0. (3)
Thus, one can show that the MC 1-forms satisfy following equations,
0 = dΩaP + Ω
a
Lb ∧ Ω
a
P ,
0 = dΩaLb + Ω
a
Lc ∧ Ω
c
Lb,
0 = dΩabZ + Ω
[a|
Lc ∧ Ω
c|b]
Z −
1
2
ΩaP ∧ Ω
b
P , (4)
where the subscripts P, L, Z represents generator labels and the antisymmetrization of ten-
sors is defined by A[aBb] = AaBb − AbBa throughout the paper. Using the gauge field
A = eaPa+B
abZab+ ω˜
b
aL
a
b, the curvature 2-form ̥ can be found by the structure equation,
̥ = dA+
i
2
[A,A] , (5)
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and putting the definition ̥ = F aPa+F
abZab + R˜
b
aL
a
b on the last equation we find 2-form
curvatures as,
F a = dea + ω˜ab ∧ e
b,
F ab = dBab + ω˜[a|c ∧B
c|b] −
1
2
ea ∧ eb,
R˜ab = dω˜
a
b + ω˜
a
c ∧ ω˜
c
b, (6)
where ea (x), Bab (x) and ω˜ab (x) are related gauge fields. Considering the affine exterior
covariant derivative defined as D = d + ω˜, thus the Bianchi identities can be given as
follows,
DF ab = R˜[a|c ∧B
c|b] −
1
2
F [a ∧ eb],
DF a = R˜ab ∧ e
b,
DR˜ab = 0. (7)
Using the curvatures (6), the definition of shifted curvature Yab := R˜
a
b − µF
a
b which
transforms covariantly under GL(4, R) symmetry, and Pontryagin densities in four dimen-
sions [42], one can write a gauge invariant Lagrangian as,
S =
1
2κ
∫
Yab ∧ Y
b
a +
1
ρ
∫
F a ∧ Fa, (8)
where κ and ρ are constant. By construction it is easy to show that the action is diffeomor-
phism invariant and satisfies local GL(4, R) invariance [40].
III. SPECIAL-AFFINE ALGEBRA AND ITS MAXWELL EXTENSION
The GL (4, R) group can be split into the one parameter group of dilations, and the
SL (4, R) group which contains volume preserving shear transformations in the Minkowski
space-time. This provide us a restricted framework in which dilation transformation is
broken comparing with our previous study [40]. The special-linear algebra is generated by
following traceless generators [43, 44],
L˚ab = L
a
b −
1
4
δabL
c
c. (9)
In order to obtain the special-affine group SA (4, R) we take the semi-direct product of
SL (4, R) and translational symmetry generated by Pa and its Lie algebra is defined by,[
L˚ab, L˚
c
d
]
= i
(
δcbL˚
a
d − δ
a
dL˚
c
b
)
,[
L˚ab, Pc
]
= −i
(
δacPb −
1
4
δabPc
)
,
[Pa, Pb] = 0. (10)
The group elements g of the SA (4, R) can be given by exponential representation,
g (x, ω˚) = eix
a(x)Paeiω˚
b
a(x)L˚
a
b , (11)
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where xa (x) , ω˚ba (x) are the real parameters. The MC structure equations of SA (4, R) are
found by using Eq. (3) as follows,
0 = dΩaP + Ω
a
L˚b
∧ ΩbP −
1
4
Ω L˚ ∧ Ω
a
P ,
0 = dΩa
L˚b
+ Ωa
L˚c
∧ Ωc
L˚b
, (12)
where the MC 1-forms ΩaP and Ω
a
L˚b
correspond to translation and special-linear transforma-
tions. Considering the methods given in [28, 31, 36, 45], we can obtain the Maxwell extension
of the special affine group asMSA (4, R) with the following non-zero commutation rules by
using the MC structure equations (12),
[
L˚ab, L˚
c
d
]
= i
(
δcbL˚
a
d − δ
a
dL˚
c
b
)
,[
L˚ab, Pc
]
= −i
(
δacPb −
1
4
δabPc
)
,
[Pa, Pb] = iZab,[
L˚ab, Zcd
]
= i
(
δadZbc − δ
a
cZbd +
1
2
δabZcd
)
. (13)
The non-linear realisation of SA (4, R) can be found in [41, 46]. To obtain a non-linear
realisation of the groupMSA (4, R) we will use the techniques of coset realisation [47–50].
We choose our coset as,
K(x, θ) =
MSA
SL
= eix·Peiθ·Z , (14)
where xa, θab are the coset parameters and to find the coset transformation we will use
following formula,
g(a, ε, u)K(x, θ) = K(x′, θ′)h(ω˚), (15)
where α, ǫ, u are the real parameters for space-time translations, tensorial translations and
special linear group transformation respectively. Thus the element of the stability subgroup
takes the form as h(ω˚) = eiω˚
b
aL˚
a
b. The infinitesimal transformation rules of the coset space
parameters under the action of the MSA(4, R) can be found as follows by using the well-
known Baker-Hausdorff-Campbell formula eAeB = eA+B+
1
2
[A,B],
δxa = aa + uacx
c −
1
4
uxa, (16)
δθab = εab + u[a|c θ
c|b] −
1
2
uθab −
1
4
a[axb], (17)
ω˚ab = u
a
b. (18)
Now we can find the differential realisation of the corresponding generators ofMSA (4, R)
by comparing the transformation rules of a scalar field Φ′
(
xa, θab
)
= Φ
(
xa − δxa, θab − δθab
)
and transformation of a scalar field underMSA (4, R), defined as
δΦ = i
(
aaPa + ε
abZab + u
b
aL˚
a
b
)
. (19)
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So we find the explicit form of the generators as follows,
Pa = i
(
∂a −
1
2
xb∂ab
)
,
Zab = i∂ab,
L˚ab = i
(
xa∂b −
1
4
δabx
c∂c + 2θ
ac∂bc −
1
2
δabθ
cd∂cd
)
, (20)
where the derivatives are ∂a =
∂
∂xa
, ∂ab =
∂
∂θab
and the self-consistency of the algebra (13)
can be checked by Jacobi identities.
IV. GAUGING THE MAXWELL-SPECIAL-AFFINE ALGEBRA
Let us now consider the gauge theory ofMSA (4, R). We shall follow the same methods
given in [32, 38–40] in order to construct the gauge theory. For this purpose, we write down
a gauge field valued in the algebra as,
A = AAXA = e
aPa +B
abZab + ω˚
b
aL˚
a
b, (21)
where XA correspond to the generators of the algebra and the associated gauge fields A
A
µ =(
eaµ, B
ab
µ , ω˚
ab
µ
)
can be described by one-form fields ea = eaµdx
µ, Bab = Babµ dx
µ and ω˚ab =
ω˚aµbdx
µ respectively. Using the Lie algebra valued parameter ζ (x),
ζ (x) = ya (x)Pa + ϕ
ab(x)Zab + λ
b
a(x)L˚
a
b, (22)
with the following gauge transformation,
δA = −dζ − i [A, ζ ] , (23)
we get variations of the gauge fields,
δea = λabe
b −
1
4
λea, (24)
δBab = λ[a|cB
cb] −
1
2
λBab +
1
2
e[ayb], (25)
δω˚ab = 0, (26)
where ya (x), ϕab(x), and λba(x) correspond to space-time translations, tensorial space, and
the special linear transformation parameters respectively. The curvature two-forms of the
associated gauge fields are given by,
̥ = dA+
i
2
[A,A] , (27)
where,
̥ = F aPa + F
abZab +R
a
bL˚
b
a. (28)
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Thus we find the curvatures as follows,
F a = dea + ω˚ab ∧ e
b −
1
4
ω˚ ∧ ea = Dea, (29)
F ab = dBab + ω˚[a|c ∧ B
c|b] −
1
2
ω˚ ∧ Bab −
1
2
ea ∧ eb, (30)
= DBab −
1
2
ea ∧ eb, (31)
Rab = dω˚
a
b + ω˚
a
c ∧ ω˚
c
b = Dω˚
a
b, (32)
where the exterior covariant derivative with respect to SL (4, R) defined as,
DΦ := [d+ ω˚ + w (Φ)Tr (ω˚)] Φ; (33)
here w behaves like the Weyl weight of corresponding field which occurs in the Weyl gauge
theory as a result of scale transformations [6, 39]. The infinitesimal gauge transformations
of the curvatures under the related symmetry can be found by,
δ̥ = i [ζ,̥] , (34)
and so we get,
δF a = −Raby
b +
1
4
Rya + λabF
b −
1
4
λF a, (35)
δF ab = −R[a|cϕ
c|b] +
1
2
Rϕab + λ[a|cF
c|b] −
1
2
λF ab +
1
2
F [ayb], (36)
δRab = λ
a
cR
c
b − λ
c
bR
a
c. (37)
Taking covariant derivative of the curvatures, the generalized Bianchi identities can be
written as follows,
DF ab = R[a|c ∧B
c|b] −
1
2
R∧ Bab −
1
2
F [a ∧ eb],
DF a = Rab ∧ e
b −
1
4
R ∧ ea,
DRab = 0. (38)
V. TOPOLOGICAL GRAVITY IN FOUR DIMENSIONS
Now we can construct the gauge invariant Lagrangian 4-form under local SL(4, R) trans-
formations with topological terms according to the papers [40, 42, 44, 51, 52]. We consider
two possible topological 4-form. First, the gravitational Pontryagin class topological term,
LPontr = R
a
b ∧R
b
a, (39)
where LPontr is metric-free Lagrangian. The second is the Nieh-Yan topological term [53],
LNY = Rab ∧ e
a ∧ eb + F a ∧ Fa, (40)
where F a is the torsion tensor. Here the NY term is needed to introduce a metric tensor gab
to raise and lower the indices for example Fa = gabF
b [44]. For our Lagrangian we define a
shifted curvature as,
Yab := R
a
b − µF
a
b, (41)
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and one can find its infinitesimal gauge transformation under SL (4, R) symmetry as,
δYab = λ
a
cY
c
b − λ
c
bY
a
c. (42)
After these preliminaries we can write the gravity action that is invariant under local
SL (4, R) symmetry as follows,
S =
1
2κ
∫
Yab ∧ Y
b
a +
1
ρ
∫
F a ∧ Fa, (43)
where κ = 8πG is the Einstein gravitational constant and ρ is an arbitrary constant. One
can also show the action Eq. (43) is diffeomorphism invariant. If we decompose the action
(43), we get,
S =
1
2κ
∫
(Rab − µF
a
b) ∧
(
Rba − µF
b
a
)
+
2χ
ρ
F a ∧ Fa
=
1
2κ
∫
Rab ∧ R
b
a +
(
µRab ∧ e
b ∧ ea +
2χ
ρ
F a ∧ Fa
)
+µ2DBab ∧DB
b
a − 2µR
a
b ∧DB
b
a −
µ2
2
DBab ∧ e
b ∧ ea
+
µ2
4
ea ∧ eb ∧ e
b ∧ ea, (44)
where, in the last result, the first term is the Pontrjagin 4-form, the second one can be seen
as a NY term, and the others are the contributions come from Maxwell symmetry. Let us
derive the field equations. The variation of Eq.(43) with respect to gauge field ω˚ab we get,
DYab − µ [B,Y ]
a
b +
χ
ρ
[e, F ]ab = 0, (45)
where the expression [B,Y ] ab = (B
a
c ∧ Y
c
b −Y
a
c ∧ B
c
b), and similarly we have [e, F ]
a
b =
(ea ∧ Fb − F
a ∧ eb). Taking the e
a and ea variation of the action respectively,
eb ∧ Y
b
a +
(
2κ
µρ
)
DFa = 0, (46)
Yab ∧ e
b −
(
2κ
µρ
)
DF a = 0, (47)
and finally variation with respect to Bab field,
DYab = 0. (48)
These are the equations of motions of the action given in Eq. (43) under local SL (4, R).
One can also obtain following constraint equation by substituting Eq.(48) into Eq.(45) and
taking exterior covariant derivative and using the Eq.(46),
Yac ∧ F
c
b − F
a
c ∧ Y
c
b = 0. (49)
This constraint equation can be solved by the selection as Yab = 0 or Y
a
b = αF
a
b, so we
get the relation between two curvatures as Rab ∼ F
a
b. On the other hand, if we select a
special solution for the constraint Eq.(49) as,
Yab = −2µF
a
b +
1
2
δabR, (50)
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and by the help of comparison between the definition of Yab given in Eq. (41) and the special
solution Eq. (50), we obtain following equation,
Rab −
1
2
δabR = −µF
a
b. (51)
Thus the Eq. (50) takes following form,
Yab = 2R
a
b −
1
2
δabR. (52)
From these results, we get the constraint as DF ab = 0 and taking account of Eqs. (50, 52)
and equations of motions we get the generalized Bianchi identities ofMSA (4, R) symmetry
given in Eq. (38) under
(
κ
µρ
)
→ 1 limit. Furthermore, the left hand side of the Eq. (51) is
similar to the form of Einstein tensor. If we take the Eq. (51) as the Einstein field equation
then the tensor F ab corresponds to energy momentum tensor.
VI. CONCLUSION
In this letter, we have presented a tensor extension of the special-affine SA (4, R) group
by adding six abelian tensorial generators. Then the nonlinear realization of the Maxwell-
special-affine groupMSA (4, R) was constructed and the explicit form of the corresponding
generators was found. After that, we constructed the gauge theory of MSA (4, R) and
wrote down a gravity action by using the Pontryagin and the NY invariants. We also
observed that the equations of motion go to the generalized Bianchi identities in a certain
condition. Moreover, we obtained the form of Einstein field equation as a special solution
of the equations of motion and from this result, we can say that background energy leads
to space-time curvature. Thus we obtained a restricted version of the results given in the
paper [40] because of using MSA (4, R) instead ofMGA (4, R).
The affine symmetry affords us the most general possible transformations within a
spacetime framework by using the general linear connection Γαµν which has 64 independent
fields[20]. So there are widespread usage areas for affine symmetry from particle physics
to gravitation [10, 12, 14, 23, 54–57]. For instance, according to the papers[10–15], the
gauge theory of affine group could play an important role for solving the renormalizability
or unitarity problems on quantum gravity by means of the general linear connection which
contains additional degrees of freedom. Also, the paper [58] demonstrated that the pure
affine field theory developed by Einstein [59] and Schro¨dinger [60], known as the Einstein-
Schro¨dinger theory, provides the unification of quantum theory and Einstein’s general theory
of relativity and this theory can be quantized by the rules of canonical quantization, but
the author says that this quantization is physically meaningless. These studies demonstrate
us the importance of the affine symmetry. So the Maxwell extension of the affine symmetry
proposes an extended framework for the mentioned problems. Also, metric-affine gravity
theories based onMA (4, R) andMSA (4, R) are in progress.
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